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Semiclassical instability of the Kaluza—Klein vacuum

e Kaluza—Klein R3t1 x Sl is a flat solution to the Einstein
vacuum equations that is classically stable
[Huneau-Stingo-Wyatt '25]

e Semiclassical instability [Witten '82]: a uniformly accelerating
bubble forms where the compact dimension degenerates



The Witten bubble metric
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The Witten bubble metric

/\/l:RT><R)2(79><S2
g = — cosh? x d7°4-cosh? x dx?+cosh? x cosh? 7gs2 +tanh? xgs:1.
Symmetry group SO(3,1) x U(1). Spheres of symmetry have
radius r := cosh x cosh .
o Kaluza—Klein as x — oo (at spatial and null infinity)
e R? with an expanding S2 as x — 0

® (2+41) de Sitter at x =0



Penrose-type diagram: 3D
i+
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Penrose-type diagram: 2D

{r =m0 >0}




The asymptotically cylindrical R? factor of the spacetime




The asymptotic geometry of the spacetime

M=R, xR2, xS

X,

= — cosh? x d72+cosh? x dx?+cosh? x cosh? Tgs2+tanh? xgs:.
8 S S

e Kaluza—Klein as x — oo (at spatial and null infinity)
e O, ~ rd; + t, is timelike and 0, ~ td; + rd, is spacelike
e 0, + 0~ V0Oy and 9, — 9y ~ Udy for Minkowskian
(U, V) ~ (_e—(T—X)7 e(7'+x))



Linear theory




Linear waves

e Goal: study [g¢ =0
o Work with 1 :=r¢
e Split ¢ = g + ¥>1, where 1)g is U(1)-symmetric



Linear waves

e Goal: study [g¢ =0

o Work with

o Split ¢ = 1o + 1>1, where 1) is U(1)-symmetric
Warning

Energy estimates in terms of ¢ cannot hold!
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Main theorem on linear waves

P>1

Character
Spatial decay
Derivative decay
Time decay
Radiation field
At the bubble

massless wave
bounded: O(1)
Ixho = O(1)
decays
may be nonzero
may be nonzero

wave with effective mass
decays: O((cosh x)~1/?)
Dxih>1 = O((cosh x)1/2)
may oscillate
vanishes
vanishes



Main theorem on linear waves

Yo V>1

Character massless wave  wave with effective mass
Spatial decay bounded: O(1) decays: O((coshx)~1/?)
Derivative decay | 0Oytho = O(1)  Oxt>1 = O((cosh x)'/?)

Time decay decays may oscillate
Radiation field may be nonzero vanishes
At the bubble may be nonzero vanishes

Key observation
Better time decay and better spatial decay occur in different
parts of the solution!



The origin of the effective mass

e Fourier expansion in St produces a Klein—Gordon term with

mass growing towards spatial infinity
o Finite-energy solutions 1)>1 decay quickly in space

e Confining potential for ¢>1 admits finite-energy
eigenfunctions, so there are periodic solutions
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Aside: weak trapping

Generic null geodesics without S'-angular momentum escape to
X = OQO.

Null geodesics with S*-angular momentum have bounded x.
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Aside: weak trapping

Generic null geodesics without S'-angular momentum escape to
X = OQ.

Null geodesics with S*-angular momentum have bounded x.
This is not conventional trapping

Everything in the spacetime is going to r = oc!
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Linear estimates: the linear operator

Work with ¢ and Py := cosh? x - r(¢.

1 1
sinh x coshx ~ cosh? x

Agaip +

Py =—02+0; +

cosh X
+ %

cosh? 7
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Linear estimates: the linear operator

Work with ¢ and Py := cosh? x - r(¢.
1

cosh? x

Py =—02+ —

cosh X 2¢

+ Ag2t) +

cosh? 7

The 2D structure near x =0

Recall Ag: acting on radial functions is 92 + 10,.
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Linear estimates: the 0,-energy

1
Er[y](r) = L(T) [(371/))2 + (0x9)? + cosh? x 2

cosh? x

o~ X(agzp)? tanh x dp

IVs29p]* +

osh? T

for du = dx dw db.
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Linear estimates: the 0,-energy

1
Erlél(r) = L o+ 0w+ vt
+ ’ 57/1|2 cosh X(aez/)) tanh x dp
osh? tanh?

for du = dx dw df. There is an energy estimate

tanh 7

Er[]( Tz)+/ /

V| tanh x du dr
- cosh2 Vs2 ‘ f

< ET[w](ﬁ)-&-/ / |0-|| P tanh x dpn d7
el (1)
for 0 <7 <.

13



Linear estimates: the rP-type energy

Multiplier X ~ (sinh x)(9; + 0x)
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Linear estimates: the rP-type energy

Multiplier X ~ (sinh x)(9; + 0x)
Remark

X ~ |U|Y2V3/29\, on Minkowski for x > 1.
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Linear estimates: the rP-type energy

Multiplier X ~ (sinh x)(9; + 0x)
Remark

X ~ |U|Y2V3/29\, on Minkowski for x > 1.

Elvol(sz) + [ Elval(s) ds

56[w01(s1)+/2/H( sinh (P dp o

for £ = Er + Epand s ~ 7 — x.
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Linear estimates: the rP-type energy

Multiplier X ~ (sinh x)(9; + 0x)
Remark

X ~ |U|Y2V3/29\, on Minkowski for x > 1.

Elol(s2) +

< Elol(s1) + / B [d s xI(Py)f d

for £ = Er + Epand s ~ 7 — x.
Remark

Bulk term gives exponential decay in s, which is polynomial
decay on Minkowski.
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Semilinear wave equations




Theorem (global existence)
Consider Og¢p = F(V¢). Suppose that

e F is quadratic and satisfies a version of the null condition,

e and the non-U(1)-symmetric part of the coefficients of F
decay suitably fast in space.

Then small-data solutions exist globally in time. If the data and
the coefficients of the nonlinearity are U(1)-symmetric, then the
solution has improved time decay (in u =7 — x).
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Theorem (global existence)
Consider Og¢p = F(V¢). Suppose that

e F is quadratic and satisfies a version of the null condition,

e and the non-U(1)-symmetric part of the coefficients of F
decay suitably fast in space.

Then small-data solutions exist globally in time. If the data and
the coefficients of the nonlinearity are U(1)-symmetric, then the
solution has improved time decay (in u =7 — x).

Example: F(V¢) = f - g%%0,005¢.
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Proof strategy

e Rewrite in terms of ¥ and P = cosh? x - r(¢.
e Then P sees rdg - ¢ ~ r 1[0 - O + b - O + 1 - Y],
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Proof strategy

e Rewrite in terms of ¥ and P = cosh? x - r(¢.
e Then P sees rd¢ - Op ~ r~ 1[0y - O + b - Onp + 4 - 1],

Observation
We gained a power of r = cosh x cosh 7 at the cost of
zeroth-order terms.
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Proof strategy

e Rewrite in terms of ¥ and P = cosh? x - r(¢.
e Then P sees rd¢ - Op ~ r~ 1[0y - O + b - Onp + 4 - 1],

Observation
We gained a power of r = cosh x cosh 7 at the cost of
zeroth-order terms.

Plenty of room in time, no room in space.
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The worst term

In terms of spatial decay, what is the worst term in

// sinh x|(0P)o?, 0 a top-order derivative?
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The worst term

In terms of spatial decay, what is the worst term in

// sinh x|(0Pv)o|?, 0 a top-order derivative?

Recall the energy and pointwise estimates
Zeroth-order 1y terms have the worst spatial weights in the
energy, and Ox1>1 is worst pointwise (it can grow in space).
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The worst term

In terms of spatial decay, what is the worst term in

// sinh x|(0Pv)o|?, 0 a top-order derivative?

Recall the energy and pointwise estimates
Zeroth-order 1y terms have the worst spatial weights in the
energy, and Ox1>1 is worst pointwise (it can grow in space).

The worst term sees (3¢)g - Oxt)>1.

Key observation

(3(F - - B:1b)) only produces foy - (30)g - Drthz
(not fy - (9%)o - Ox¥p>1), and f>1 decays better in space.
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Takeaways and outlook




Compact dimension creates strong distinction between zero and
non-zero S'-modes.

® 1) is better in time and worse in space, and > is better in
space and worse in time
e Origin: weak trapping for null geodesics

e Interplay between spatial and time decay allows global
existence for nonlinear wave equations
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Stability?
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Until next time...

Thank you!
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