ENDPOINT SOBOLEV EMBEDDING

1. FAILURE OF EMBEDDING W1 "(R") < L*®(R")

The putative endpoint homogeneous Sobolev embedding W1 "(R™) < L®(R") fails when n > 2. A
counterexample is a function that agrees with loglog|z|~! near the origin. Here is a derivation of a function
in Wh»(R") \ L>®°(R") for n > 2. The proof reduces to finding a sequence in £ \ ¢! (so it clearly fails for
n = 1), and it explains the growth rate loglog|z|~*.

Ezample 1.1. Let ¢ be a bump function equal to 1 on B(0, 1) and supported in B(0,2). Define

f@) =Y arp(2Fx) (1)

k>0
for ap > 0 to be chosen. Then we want
Ilfll oo (mmy = Zak = 0 @)
k
and
||f||W1,n(Rn) ~ ZCLZ < 0. (3)
k

Note that when n = 1, the two conditions are incompatible. )
We explain the second estimate. Since V(p(2"-)) have disjoint support and the W™ norm is scaling
invariant, we have

gy = I3 @@ gy = 3 G002 gy = ol 3 )
k k k
To see where log log|z| ™' comes from, take ax = 1/k. Then when |z| ~ 27%, we have k ~ log|z| ™!, and hence
f(z) ~ Zak ~ log k ~ loglog|z| ™. (5)
i<k

2. FAILURE OF L? EMBEDDING IN ONE DIMENSION

The L? version of the embedding in one dimension, namely H'/? (R) — L*°(R), fails. Indeed, a function
agreeing with loglog|z|~! near the origin is in H'/2(R) by the following trace lemma.
Lemma 2.1. Let u € S(R™) and let s > 1/2. Write u for the restriction of u to a hyperplane. We have
il o172ty S lallze . (6)
Another, more direct, explanation is as follows.
Ezample 2.2. We will construct functions unbounded in L>°(R) but bounded in H'/2. For N > 4, define

fn(x) = xn () € C(R) (7)

xlogx

for xn a cutoff function equal to 1 on [e, N]. We have F~!fy € L', and Fourier inversion gives

| F " fnllpemy = F~ L fn(0) = /RfN = loglog N + O(1). (8)

On the other hand, the functions
1
zlog? x
are uniformly bounded in L'(R), so the F~! fy are bounded in H'/2.

9)

2| 3 = xw (2)
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When n = 1, the embedding holds by the fundamental theorem of calculus.
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