NOTES ON THE KALUZA-KLEIN REDUCTION

ONYX GAUTAM

This is an expanded version of the calculation in [Cic25, Prop. 2.3].

Proposition 1 (Kaluza—Klein reduction). Let (M, g) be a Lorentzian manifold of dimension n > 3, and let
@ be a scalar field on M. Equip M = M x S! with the Lorentzian metric

G =g+ e*¥dp’ (1)
If A=2/V3 and h .= e2B%g for B = A/(n —2), then (M, §) solves the Einstein vacuum equations if and
only if (M, h, ) solves the Finstein—scalar field equations:
Rlc[h]z] = 282'(,063'(,0

Dh(p =0. (2)

Ric[j] = 0 < {

We first compute the Ricci curvature of g. We use Greek indices on M, Latin indices on M, and the
index 5 on S*.

Lemma 2. The non-zero Christoffel symbols of g are
Llgl =Tlgli;,  Tlglss = —Ae**¥g% 050, Tlgls; = Ad;¢. (3)

YR

Proof. Straightforward calculation. O

Lemma 3. The Ricci curvature of g is given by
Ric[g]i; = Ricglij — AV Vo — A%0;00;0,  Ric[gls; =0,  Ric[glss = —Ae***(Og0 + Agh 0100;0),
(4)

where V is the Levi—Clivita connection of g.

Proof. Using lemma 2, we compute
Ric[g]s; =0 (5)
and
Ric(glss = 0aT[9)35 — OsPigHS, +T(3)asT (915 — T118sT[d)as
= OkT[g)55 — T(913, T [3l55 + (9]0 (9155
= — A0, (g 0;0) — A% gM 0000 — Tgl g, A* P gM 950
= —AegA“’Dgtp — A262A‘ngj8kap8jap,
where in the last equality we recognized an expression for the Laplace-Beltrami operator. Next, we have
Ric[glij = 0aT[3]5; — 05T (3% + T(31%sT 187, — T1a15sTG)5,- (7)
We now further compute each term on the right side. The terms involving derivatives of Christoffel symbols
are

(6)

0aT(g)5; = 0eT(g)i; = 0eTlgli;- (8)
and
0;T1g)5% = 9;T(9)% + 0;T1g)i, = 0;T[gliy + Adidje (9)
Next, we compute the terms that are quadratic in the Christoffel symbols. We have
T(glesT(815 = TlalimD (317 + T1813,T(3]7 = TlglimT(9)7; + AT[g]0me (10)
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and

T(g)5T (]2, = TIalT1alh,; + TIalsT (913, = TlglieTlglh; + A0i00;¢. (11)

It follows that
Ric[g]i; = Ric[gli; — 0:0;0 — 9;0d;¢0 + T[g]i} Ome = Riclgli; — AViV;0 — A*0i00;¢p. (12)
O

We now record the behaviour of various quantities under conformal rescaling.

Lemma 4 (Christoffel symbols under conformal rescaling). The Christoffel symbols of g are related to those
of h = e?Beg by:
Llgli = T[hlY; — B(6;0jp + 07 0isp — hijh* 0up). (13)

)

Lemma 5 (Laplace-Beltrami operator under conformal rescaling). For h = ¢?8%g, we have
Onf = e 2%(0,f + B(n — 2)9"°0ap00 f). (14)

Lemma 6 (Ricci curvature under conformal rescaling). For h = e28¢g, we have
Ric[h];; = Ric[glij — B(n —2)ViV,¢ + B*(n — 2)0:0d;¢0 — B(Ogp + B(n — 2)g*0apdbp) gij (15)
where V is the Levi-Civita connection of g.
We can now conclude the proof.

Proof of proposition. If h = ¢?B%g for B = A/(n — 2), then lemma 6 gives

. . A " A?
Rlc[g]ij — AVingO = R1c[h]ij + m(mg@ + Ag baawab(p)gij — maﬂpﬁj(p. (16)
It now follows from lemma 3 that
s . 1 A __2 4 s
Ric[g;; = Ric[h];; — A? (1 + m)aicpﬁjcp + mhije =200, Ric[g]s; = 0, (17)
Ric[j]ss = —Ae*A0+72)¢0, 0. (18)
The result follows. O
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