MORAWETZ ON MINKOWSKI

ONYX GAUTAM

We compute the deformation tensor of X for a vector field X = f(r)0,, then compute the corresponding
divergence term KX.

1. CURRENT FORMALISM

Let ¢ be a function. The energy-momentum tensor is a symmetric (0, 2)-tensor defined by
1
Taplg] = 0005 = 59a5|Veol?, (1)
where we write |[Vp|? = VHpV 0 = gV ,pV,p. This tensor satisfies VT,5 = OpVgep, so the energy

momentum tensor associated to the solution of the wave equation is divergence free. For a vector field X,
we introduce the associated current (a one-form)

J3i 6] = Taple) X" (2)
and the deformation tensor
Fap = 5(Lxg)as = 3(VaXa + VoXa). g
The divergence of the one-form JX satisfies
VeIX el = KX (gl + £¥ ). (4)
where
KX[p] = OnTogle] = Wm(di,dg) — 5 tr Pm|Viop 5)
and
EX = XpOe. (6)

Moreover, if w is a weight function, we introduce the auxiliary current
1
Ta el = wpVap — 5" Vaw. (7)

The divergence of this one form is given by

VAI o] = KH5 ] + £ g (8)
for
Ko lg] = |Vl — O )
and
EM ] = wellp (10)
Notice that
KX[g] + K*[g] = X r(dep, dy) + (w - %tr <X>7r) IVp|? — %wa? (11)
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2. DEFORMATION TENSOR COMPUTATIONS
Recall that the Minkowski metric in polar coordinates is
g=—dt? +dr* + 4 (12)
where ¢ = r2gg2 for gg2 the round metric on the unit sphere.

Lemma 2.1. Let Y be a vector field and set X = f(r)Y. Then

1
(X)Traﬁ = f (Y)ﬂ-ocﬂ + §<vafY,8 + VﬂfYa) (13)
and
tr Og=ftr VDr4yy (14)
If Y is a coordinate vector field, then
1
(Y)Tl'aﬁ = §Ygaﬁ. (15)
Proof. Using X = fY, compute
1
ag = [ map + 5(VafYs + Vs Ya). (16)
From (13) we obtain
tr g =ftr Vr+vy. (17)
Using the definition )7 = %Eyg, we compute (assuming Y is a coordinate vector field so that £y9, = 0)
200705 = (Ly9)(9a,95) = Y9(9a, 0p) — 9(LyDa 05) = 9(Das LyIp) = Y gag (18)
|
Lemma 2.2. Write Y = 0, and set X = f(r)0, = f(r)Y. Write f' = 0,f. We have
2
tr g =Zf4f. (19)
r
and
Nin(dp,dg) = '(09)° + LI90P (20)

Proof. Using (15) and the diagonal form of the metric, compute that the non-zero components of )7 are

=g, (21)
It follows immediately that
tr V7 = % (22)
and hence
tr X = §f+f’. (23)

Since the only non-zero component of Y with down indices is Y, = ¢,+.Y" = g, = 1, and f is a function
only of r, the second term in (13) contributes only when oo = 8 = r. It follows that

(X) (X)

Wrr:f/

Tab — %gab' (24)

We now compute

X r(de,dp) = f/(0r9)* + {IW@IQ- (25)



3. COMPUTING THE BULK DIVERGENCE TERM

Define 1
KT [p] = KT (o] 4 Kower T[],

Lemma 3.1. We have ) F )
K'lg] = §f'[(3t¢)2 + (0,9)%] + ;|Y790|2 - §T_1f”~

Proof. From (11) and lemma 2.2, we have

fo1

X aux,w _pt 2 i 2 _ <L _ -
KX[g] + K™ [g] = f/(0,0)* + LVl + (w - = 3

Take w = r—'f. To obtain the desired result, compute
Ow = r20,(r?0,(r 1 f)) =r~ 1 f"
and recall that [Vip| = —(9,0)% + (9,0)% + | V|2

1
7)1Vl = S0we?.
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