MORAWETZ ESTIMATE ON SCHWARZSCHILD

ONYX GAUTAM

We follow [HMR24] to derive an integrated local energy decay statement for solutions to the wave equation
on the Schwarzschild spacetime (of dimension (3 + 1)).

1. TWISTED CURRENTS

Let ¢ solve [y = F and define 1 := 8~ '¢. Define the twisted energy momentum tensor

- 1
Tuu = ﬂz V;ﬂ/lvul/} - §guu(vawvaw + U'(/)2) ; (1)
where
U=-37108. (2)
Introduce
JX =T X" (3)
and
KX = Kgwp 4 XS, (4)
and
1
S, = — ivu(,BQU)W — BV BV YV ,1h. (5)
and
EX = BFX1p. (6)
Then
VX = RX 4 EX )
Define also
- 1
J = B wp V) — SV w)|. (8)
Then
vujjux,w _ Raux,w + gaux,w (9)
for
- 1
K2 = B wU? + wVH V) — 5V (B2V )y (10)
and
g — By (11)

Expanding out the definitions, we have
X = 2 Mm(ag, ) + (—5 tr O — 57 X8) Vol 4+ o (0 On - 52X (520) )0?] - (12)

and
RX g o = 32 (g, ay) + (w— 3 v On - 571 X5) [V P

1 1 1 (13)
+ (w0 = 5t r = JpTEX(BRU) — S ATV (B ) Ut
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2. MORAWETZ ESTIMATE

The goal of this section is to show the following estimate.
Proposition 2.1. For M > 0 we have
1 1 3M\2 2 .
/ {—2((‘%*1/})2 + = (1 - —) lr¥i|? + 1/)7 r~2dvol <y / Jr. ny,, dvolg_ . (14)
R(Tl,TQ) T T T T »
2.1. Deformation tensor computations.

Lemma 2.2. Let Y be a vector field and set X = f(r)Y. Then

T2

1
ag = [ map + 5(VafYs + Vs Ya). (15)
and
tr e =ftr Var4vy. (16)
If Y is a coordinate vector field, then
1
(Y)Wag = §Yga5. (17)
Proof. Using X = fY, compute
1
(X)Traﬂ = f (Y)ﬂ-ocﬁ + §<vafYﬁ + vﬁfYa) (18)
From (15) we obtain
tr g =ftr Vr4vy. 19)
Using the definition )7 = %L’yg, we compute (assuming Y is a coordinate vector field so that Ly d, = 0)
207%ap = (Ly9)(0a, 05) = Y9(Da,05) = 9(Ly D, 05) = 9(Da Ly Dp) = Y gag (20)
O
Lemma 2.3. Write Y = 0,« and set X = f(r)0p = f(r)Y. Write f' = Oy« f. We have
2 2M
g =(2_22 !
tr W (r 2 )f+f. (21)
and
f f 3M M
On(dp,dp) = 75— (0r9)* + T (1= 22 IVl + 5 [Vl (22)
— r T r
Proof. Using (17) and the form of the Schwarzschild metric, compute that the non-zero components of )7
are
M 1
- (Y)th = (Y)Wr*r* = ﬁ(l D) (Y)Wab = ;(1 - /‘)gab' (23)
It follows immediately that
2M 2 2 2M
tr Ve ="C 4 Z(1—p)==--"F 24
P =2 20y = - (24)
and hence Y
g =(2_22 '
tr (r 2 )f+f. (25)

Since the only non-zero component of Y with down indices is Yy« = gpeps Y = gupe = (1 — p), and f is
a function only of r, the second term in (15) contributes only when oo = 8 = r*. It follows that

x). _ IM X M X f
Oy = —L (1) Oy = [72 + f’} W= Omyp = (1= p)g,,: (26)
We now compute
M M .
M 7(de, dp) = Fr00,050 = X n§000sp = %Btcpf)w - [% - f’] 0" 0, + %(1 - w)|Yel

x M M
= 1 0ot [L0 - - L e + L v

/ / 3M M
=1_ u(ar*@)Q + ;(1 - T) Vel? + TTW@‘Q'

(27)
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2.2. Computing K7. Define

KT [g] = KO0 ] K2y, (28)
Lemma 2.4. We have
. 1 f 3M 1 1
f N 24 h)2 Jo1_ _o 2 — (= _ AW
RIW) = r o [0+ 5= ) (1= 75 ) Vsl = (A0 =l + 107 )0?] (29)
Proof. We have
- _ ! 3M !
BX 4 oo =2 [ L0, 4 L (1= B0 9gup + (w - L) ivup
o 1 ' 1 ) 1 (30)
L x) g o2 217\ _ L p—20p( 2 2
+(wU 5 tr 7l — 282X (820) - 5 672V(8 V,ﬂu))d)]
Note that |V¢| = r~1|Vg21|. Take w = f’/2 to make the V| term vanish, and compute
!
wU = fEU (31)
and ) M S P
_ Tt (X - (1Yl L
5 tr 7 (1 T>TU SU. (32)
and ) ) )
2 BTIX(BU) = XU - BT XpU = LU+ L (33)
and
— 1 2 _ 1 2 2 _ 1 1 " 1 7
Dw = (1- M)Tzar*(r Or-w) = 1= Mar*w + rar*w =571_ Mf + rf ) (34)
and
-1 r* -1 11,
BT VEBV  w = —rV" 1T V,ew = ST (35)
so that . ) L1
T R—2yu(R2 — _p—1lgp - _ _ = "
39 IV ) = 8759w = 50w = (36)
(]

2.3. Obtaining the reduced estimate. Split ¢ into 1y and ¥>1 = 1 — Y9, where 1)y is the spherical
mean of ¢ (the zeroth spherical mode). By the orthogonality of 1/>1 and 1y on S?, we have

y Kf[y]do = y K [ip>1] + K [1ho] do. (37)

2.3.1. Estimates for Kf[wzl}. The smallest non-zero eigenvalue of —Ag2 is 2, so

K - 1 / 2 3M 1 / 1,
Ko 2 [ 0en + (£ 50w (1= 25) - g0 =] = 37 )uka] 39
It follows from the next two lemmas that
. 1 1 -
/R(Tm) K [tp>1]dvol > ¢(M) /R(Tm) {ﬁ(ar*¢21)2 i ﬁ‘wZIP}T 2 dvol. (30)
Lemma 2.5. For - o
r=(-)0+7) (40)
we have ) . . . , o
AEa-m-20) - Swa-wr] - 17 = 2 (- 25) P (41)
for

3



Proof. Here are the intermediate steps in this computation. We have

=202 s 2

.
and oM /. 2M
7= (1= 25 ) (24M2 - 30 - 202)
r r
and
AM /. 2M
f" = = (1= 55 ) (W4M® — T5MPr — 201 + 31%).
Compute
2 My 1 oM
f5-n) (1 - T) -5 (1 - T) (2r* — 10M7® + 6M2r2 + 18M5r)
and
1 1 oM
—S AU -p) == (1 - T) (3M1® — 14M27? + TM3r + 24M*)
and
1 1 oM
— /"= = (1= =2 ) (230 2020 4 T5M P — 14401,
r T

Add the previous three equations to conclude.
Lemma 2.6. For r > 2M we have P(z) > 0.
Proof. By scaling we need to show that
P(r) =r* —5r® — 3r2 +50r — 60

is positive for r > 2. Since P(2) =4 > 0, it is enough to show that

P'(r) = 4r® — 1512 — 61 + 50
is positive for r > 2. Note that ]5’(2) =10 and P’ is positive at the largest root of

P"(r) = 12r% — 30r — 6.

This shows that P’(r) > 0 in r > 2, as desired.
2.3.2. Estimates for K/ [1o]. Let g = g(r) be a function. Note that

KA o] =2 2 [P = (00 = ) + 317l
with
Pl = (L10a =y + 377 ol

= Wy~ gwol? + 2 g0 — (15> + L

2
= [0 — gol® + (F'gluol2) = (/% + (F'g) +

1
U@ =) + 77" ol
f
2
Lemma 2.7. There is a function g(r) such that

(s + Lwa -y 1) > U2,

2 4 r
Proof. With
1 2M  M?
N R 7)’
9(r) 2r( r r2
we compute
’ 2 1 2M 6 5 4,2 3.3 2.4 5
g :ﬁ(l——)(?)M £ 13MPr + 10M42 — 10M3r3 — M2 + Mr).
r r
and
1 2M

(f'9) =55 (1 - T) (—84MPr — 132M*r? 4 90M>r® + 8M?r* — 6Mr°)
4

U= ) + 37" ol

(53)



and

f 1 oM
LU-p) =55 (1 - 7) (—48M47? — 14M3r® + 28 M2 — 6M1) (58)
and Y
- f’” =5 (1 — S ) (28802 — 150M%r* — 4M%r + 6M1). (59)
The negative of the sum of the previous four equations is
(7 )+ Lo+ 1) = 55 (1 ) PG) (60)
4 2r9 T
for
P(r) = 5Mr® — 31M?r* 4+ 84M3r3 — 118 M*r? + 71 MPr — 3M°. (61)
It is now enough to show that P(r) > 0 for » > 2M. By scaling we can suppose M = 1. One easily checks
that P(i)(2M) is positive for all 0 < i < 4. O
It follows that . ()
K o] = v | (Fgléol®) + S5 (1= ) ol?]. (62)
—u r
2.3.3. Boundary terms. We have
1
U7 = 2 [5T0) + 5000 + 5| P0l + U], (63)
and 1 1
JT L= 82500 + 5 (1= (Vw2 + Uy, (64)
and 1
L= B[ G(L) + 51— m (Ve + U], (65)
Similarly, we compute R ~
JX T = B fXyTy| S JT-T (66)
and 1 1
X L = B2 |5 (Ew)? = S (L= (Vo2 + Up?)| S JT - L (67)
and 1 1
[JX - Ll = 8|5 (L) + 51— (ol + Uy S T” - L. (68)

It follows that the boundary terms arising from JX can be controlled by those arising from JT. Moreover,
we have

/ 0, (f'glbo|2)r 2 dvol = / 9,(f' gl [?) dr dr do, (69)
7?,(7'1,72) 72(71,7'2)

which contributes boundary terms of size f'g|vo|?> < r73(1 — p)|1o|?, which can evidently be controlled by
the zeroth order term in J7.

2.3.4. Completing the estimate. We conclude that
1 1
— (0’ + = (1= =—) |rVo|* + ~2 dvol
A(Tl,Tz) |:’I"2 ( ) i|
< / K7 [1hg] dvol + / Or(f'gltbo)?)r—2 dvol| < / J'-ndvola,, . (70)
R(Tl,TQ) R(Tl,‘l'g) 8R(T1 TQ) ’

5 / jT . nETz dVOlz;Tz,
)

T2

where in the last line we have used the energy identity associated to J7.
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