THE WEYL TUBE FORMULA

ONYX GAUTAM

These are notes for the Princeton Graduate Student Seminar talk given on November 20, 2025. References
include [Wey39; Hot39; Gra03].

1. INTRODUCTION

Let I' C R? be an embedded plane curve. Let 7; be the tube around T' of width e (in both directions).
That is, let T be the set of points from which there is a straight line to I' of length at most € that meets I"
orthogonally.

Remark 1.1. When T is smooth and closed and e is sufficiently small, 7T¢ is the set of points within distance
€ of T'. For a non-closed curve, this latter set is larger than 7¢, due to the presence of “end caps.”

What is the area of 7.7
Ezample 1.2 (Line segment). A line segment of length L produces a tube (rectangle) of area 2Le.
Ezample 1.3 (Circle). A circle of radius r produces a tube of area
a(r+e? —m(r—e?=4ne=2 21 ¢ (1)
Ezample 1.4 (Square). Note that a square is not C2. A square of side length 7 produces a tube of area
2. dre — 4€?, (2)
since the measurement 8re double counts each corner.
Theorem 1.5 (Weyl tube formula for plane curves). If ' is C2, then when € is sufficiently small, we have
Vol(T¢) = 2Le. (3)
Remark 1.6. This is an exact equality! There is no O(e?) term.

Remark 1.7 (Smallness of €). The tube width € needs to be small enough that the tubular neighbourhood
does not overlap itself (each point in the tube has a unique closest point on the curve). For this we can take
€ to be smaller than the inverse of the maximum curvature of the curve.

Remark 1.8 (Historical origin of the problem). In a 1938 lecture before the Princeton Mathematics Club,
the mathematical statistician and economist Harold Hotelling posed the following problem:

Consider a closed submanifold of R™, and consider the set of points of distance at most ¢
from the submanifold. What is the volume of this region?
The study of this problem goes back to Steiner in 1840 [Stel3], who considered the case of piecewise linear

closed convex curves in R? and convex surfaces in R?. The problem was solved for curves in R™ by Hotelling
[Hot39] and in full generality by Weyl [Wey39].

Remark 1.9 (Hotelling’s law). Hotelling is well known for Hotelling’s law [Hot29]. This is the observation
that in many economic markets, it is rational for producers to make their products as similar as possible.
For example, if there are two shops on a street selling the same products at the same prices, then both shops
will be next to each other, at the halfway point of the street.

Remark 1.10 (Hotelling’s PhD). After graduating from the University of Washington with a degree in jour-
nalism, Hotelling came to Princeton to study mathematical economics with Thorstein Veblen. Unfortunately,
it was not Thorstein Veblen who worked at Princeton, but his nephew Oswald Veblen. It wasn’t until he
actually arrived at Princeton that he realized his mistake, but he made the best of it and did a PhD in
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topology (or “analysis situs,” as it was called at the time) on three-dimensional manifolds. The thesis was
called “Three-dimensional manifolds of states of motion.” Apparently Hotelling related this story to Albert
Tucker, who gave an interview in 1984 [Asp85], 12 years after Hotelling’s death.

2. PROOF OF THE WEYL TUBE FORMULA FOR PLANE CURVES

Suppose I is smooth (though it will be clear that C? is enough). Orient I' by choosing a normal vector
field, which by convention we take to be inward-pointing. Let I'; be the set of points from which there is a
line segment of signed length ¢ to I' meeting I' orthogonally, where the sign is determined by the direction
of the normal vector field. For small enough ¢, the set I'; is a smooth curve, and

€

Vol(’ﬁ):/ Len(T';) dt. (4)

—€

Let v : [a,b] — R? be a smooth parametrization of the curve I'. We suppose that 7 is a unit speed
parametrization, namely that

|7'(s)] =1 for all s € [a, b]. (5)

This can always be achieved by a reparametrization. Then we say that v parameterized by arc-length, and

b
Len(T') = / I/ (s)|ds = b a. (6)

Definition 2.1 (Velocity and acceleration). We call +/(s) the velocity. We call 4"/ (s) the acceleration.

Remark 2.2 (Properties of velocity and acceleration). Note that +’(s) is non-zero and tangent to the curve.
Moreover, 7" (s) is perpendicular to 4/(s), as can be seen by differentiating the formula 4’ -+’ = 1. This only
holds because v is unit speed. For a general parametrization, part of the acceleration vector will measure
the deviation from unit speed.

Now consider the map
J(z,y) = (—y,2). (7)
This is counterclockwise rotation by 90 degrees; in the complex plane, this is multiplication by 1.

Definition 2.3 (Curvature). Since /(s) is non-zero, there exists a unique function & : [a,b] — R such that

V'(s) = K(s) - TV (s). (8)
We call « the (signed) curvature.

Remark 2.4 (The curvature (a scalar) and acceleration (a vector) have the same magnitude). Note that
|k(s)] = |7 (s)|. Moreover, the curvature is a quantity associated to the curve, since an oriented curve has
exactly one arc-length parametrization.

If we introduce the notation T(s) := +'(s) and N(s) := J'(s), then we have the Frenet-Serret equations:

T'(s) = k(s)N(s)
{N’(s) = —k(s)T(s), ©)

where we used the identity J? = —1. Now define

Yi(s) = v(s) +IN(s). (10)

Then vo(s) = v(s), and for small fixed ¢, the map ~; : [a,b] — R? traces out a curve parallel to . That is,
v¢ is a parametrization of T’y (which is not necessarily unit-speed). To see this, note that from (9), it follows
that

Vi(s) =7'(s) = £(s)T(s) = (1 = £(s)t)T(s). (11)

Remark 2.5. In particular, if [¢| < (maxr k)%, then 7} # 0, and so s — ,(s) is a smooth curve.
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In particular, we have

b b
Len(Ty) = / |vi(s)] ds = / (1 — k(s)t)ds = Len(T") — t/ kds. (12)

r
Integrating this over t € [—¢, €], we get the desired formula:

Vol(7e) = / Len(T';) d¢t = 2¢ - Len(T") — t 5 ) dt. (13)
s —€ r

Remark 2.6 (Total curvature). The quantity fr kds is called the total curvature of I'. A closed embedded
plane curve always has total curvature 2w. A closed immersed curve has total curvature 27n, where n is
the turning number, namely the winding number of the tangent vector around the origin (equivalently, the
degree of the map S — S! taking a point on the curve to its unit tangent vector).

3. THE WEYL TUBE FORMULA FOR SURFACES IN R3
Theorem 3.1 (Weyl tube formula for plane curves). Consider a closed surface ¥ C R®. Let T. be the
tubular neighbourhood of ¥ (in both directions) of width €. Then

Vol(7¢) = 2Area(X)e + 4?W)((Z)eg, (14)

where x(X) is the FEuler characteristic of the surface.
Remark 3.2. This is independent of the embedding of the surface!
Remark 3.3. The coefficients 2 and 47 /3 are the volumes of the unit 1-ball and unit 3-ball, respectively.

3.1. Differential geometry of surfaces in R?. Let ¥ C R? be a smooth oriented surface with unit normal
vector field n.

Definition 3.4 (Shape operator). The shape operator S : TY — T C TR? is defined by
SX = -Vxn=-Vx(n'd;) = —(Xn"0; (15)
where 7 is a unit normal vector field to X.
Remark 3.5. To see that SX € T, differentiate n -n = 1 in the X-direction to get Vxn-n = 0.
Remark 3.6. The shape operator of X captures how the tangent planes of ¥ are changing in the X direction.

Ezample 3.7 (Shape operator of a plane). The shape operator of a plane vanishes, since the normal vector
is constant.

Ezample 3.8 (Shape operator of a sphere). Let ¥ = {z € R3 : |z| = r} be a sphere of radius r. Let n be the

outward normal on . We have
i 1 X 1_. 1
Vxnl(ar,...a9) = fx(%)ai = ——(Xa")0; = ——X'9, = -~ X. (16)

r r

That is, the shape operator is multiplication by the constant —1/r.

Ezample 3.9 (Shape operator of a cylinder). Consider a cylinder of radius r. The shape operator in the
“flat” direction of the cylinder vanishes, but the shape operator in the “curved” direction is multiplication
by —1/r.

Definition 3.10 (Mean curvature and Gaussian curvature). We call H = trS the mean curvature and
K = det S the Gaussian curvature.

The Gaussian curvature is famously intrinsic to the surface.
Theorem 3.11 (Theorema Egregium). The Gaussian curvature of a surface is invariant under isometry.

Moreover, the integral of the Gaussian curvature, a geometric quantity, is related to the Euler character-
istic, a topological quantity.



Theorem 3.12 (Gauss—Bonnet). Let ¥ be a closed Riemannian surface, and let K be the Gaussian curvature
of . Then

/ KdA =2nx(Y), (17)
b

where x(X) is the Buler characteristic of .

3.2. Proof of the Weyl tube formula for surfaces in R?.

Proof. Choose a local parametrization o : 4 — X C R? of ¥. Let N be a normal vector field for ¥,
and let n : U — ¥ assign to a point (u,v) € U the normal vector to o at o(u,v), namely N|,(y.). Let
S : X — —Vxn be the shape operator of o. Note that the partial derivatives o, and o, are tangent vector
fields, and

S0y = —Ny, ST, = —My. (18)

Now define
o'(u,v) = o(u,v) + tn(u,v). (19)
For small enough ¢, this map is injective and parametrizes a surface X! at signed distance ¢ to ¥. We have
ol =0y +tn, = (Irs — tS)oy, ol = (Irs — tS)o,. (20)

Recalling that the magnitude of the cross product of two vectors is the area of the parallelogram they
span, we compute

Area(c'(U))

= / dA
a(U)

:/||Uixof,||dudv
U

= [ 1 =18)0) x (1= )t

21
:/|det(1—t5)|||ou X oy du dv 1)
U
= / det(1 —£9)||low X oy dudv (for t sufficiently small)
U
= / (1 —ttrS +t*det S)|oy x 0, dudv since det F:ca 1__bd} =1—(a+d)+ (ad — be)
U
= Area(o(U)) —t/ trSdA+t2/ det S dA.
o(U) o(U)
Piecing together the local parametrizations, we get
Area(X') = Area(X) — t/ HdA+ t2/ K dA. (22)
b b
Integrating over t € [—¢, €], we get
€ . 2¢3 dr
Vol(Te) = Area(X') dt = 2eArea(X) + 5 K dA = 2eArea(X) + 3 (23)
e by
where in the final equality we used the Gauss—Bonnet theorem. ]

4. THE WEYL TUBE FORMULA IN ARBITRARY DIMENSION AND CODIMENSION

Theorem 4.1 (Weyl tube formula). Let S C R™ be a closed submanifold of dimension m. The tube Te of
width € around S has volume

lm /2]
Vol(T) = Y Crm.jhaj(S)e¥ ™, (24)
j=0

where Cy, . are explicit constants involving factorials and the volume of the unit ball in various dimensions,
and ko (S) are integrals of curvature invariants.
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Remark 4.2. This is a polynomial in € of degree 2|m/2]| + codim S. When S is a plane curve, this is 1, and
when S is a surface in R3, this is 3.

Remark 4.3. The volume is independent of the embedding of S! It depends only on the induced metric of
the submanifold. The coefficients k9;(.S) have natural expressions in terms of the second fundamental form
(or shape operator) of the surface, which does depend on the embedding. Indeed, after computing these
expressions Weyl says:

So far we have hardly done more than what could have been accomplished by any student

in a course of calculus. However, some less obvious argument is needed for [the rest of the

proof].
The deep part of Weyl’s theorem is that these coefficients can actually be expressed in terms of curvature
invariants. The proof uses a combination of the Gauss equation and Weyl’s theory of invariants.

Remark 4.4 (Examples of curvature invariants appearing in the Weyl tube formula). For example, we have

ks (S) = % /S RS, (25)

where R is the scalar curvature of S. The scalar curvature of a surface is simply twice the Gaussian curvature.
When dim S = m is even, we have
ki (S) = (2m)™/2X(S). (26)

Remark 4.5 (Riemann curvature or ”vector vortex”?). In [Wey39], Weyl says:
It is a pity that the inadequate name ”curvature,” which ought to be reserved for [the shape
operator], has been attached to the Riemann tensor. In [a previous paper], I proposed the
more descriptive term ”vector vortex” [(in German ”Vektorwirbel”)].

The origin of Weyl’s proposed terminology is probably the following: parallel transporting a vector around
a loop in Euclidean space returns the same vector. This is not the case in a general Riemannian manifold.
Indeed, if a vector Z is parallel transported around a quadrilateral with sides given by tY, sX, —tY, and
—sX, then as t, s — 0, the vector obtained is

(VxVy = VyVx — V[ny])Z = R(X,Y)Z, (27)
which is the Riemann curvature tensor.

Remark 4.6 (Applications and generalizations of Gauss—Bonnet, following [Gra03, Sec. 5.6]). In 1926, Hopf
[Hop26] generalized the Gauss—Bonnet theorem to closed hypersurfaces in odd-dimensional Euclidean space
(the result expresses the Euler characteristic in terms of the principal curvatures, namely the eigenvalues of
the second fundamental form). The proof uses the Gauss map from the manifold to the unit sphere.

However, hypersurfaces of Euclidean space are very special. For example, CP" cannot be embedded into
R2"*+! when n > 2. Note that it is reasonable to exclude odd-dimensional closed manifolds in a generalization
of the Gauss—Bonnet theorem, since they have Euler characteristic zero.

In 1940, Allendoerfer [All40] and Fenchel [Fen40] used this result together with Weyl’s tube formula to
prove a version of Gauss—Bonnet for even-dimensional closed submanifolds of Euclidean space, where the
integrand is a curvature invariant of the manifold. By the Nash embedding theorem, the assumption that
the manifold be embedded in Euclidean space can be removed.

This proof is anachronistic, since the generalized Gauss—Bonnet theorem was proved before the Nash
embedding theorem, by Allendoerfer and Weil [AW43] in 1943. Their proof used a weak version of the
Nash embedding theorem which states that every Riemannian manifold has a local isometric embedding
into Euclidean space. Allendoerfer and Weil embed the even-dimensional manifold one piece at a time into
Euclidean space, and they give a complicated argument to patch the pieces together.

Finally, in 1945, Chern [Che45] gave a proof of the Gauss—Bonnet theorem that is independent of a choice
of embedding. The theorem is now known as Chern—Gauss—Bonnet.
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